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We discuss exploration for isotropic gravitational wave backgrounds around 1mHz by correlation
analysis, targeting both parity odd and even polarization modes. Even though the space interfer-
ometer LISA alone cannot probe the two modes due to cancellations, the outlook is being changed
drastically by the strong development of other space detectors such as Taiji. In fact, a heliocentric
interferometer network holds a preferable geometrical symmetry illuminated by a virtual sphere
off-center from the Sun. By utilizing an internal symmetry of data streams, we can optimally de-
compose the odd and even parity modes at correlation analysis. By simultaneously using LISA and
Taiji for 10 years, our sensitivity to the two modes could reach ∼ 10−12 in terms of the normalized
energy density.
INTRODUCTION
Given the high penetration power of gravitational
waves, a stochastic gravitational wave background could
be a very important fossil from the early universe for
studying an extreme physical state [1, 2]. For cosmology,
we would like to primarily search for the monopole com-
ponents of a background, since our observed universe is
nearly isotropic at large angular scale.
The Stokes V parameter characterizes the asymmetry
between the amplitudes of the right- and left handed po-
larized waves, and is proportional to ΠΩGW in the case
of gravitational waves. Here, ΩGW is the normalized en-
ergy density and Π is the polarization degree (Π = ±1 for
100% right-/left-handed waves). By measuring the V pa-
rameter, we can probe a parity violation process. Indeed,
there are many cosmological arguments on the circularly
polarized gravitational waves, including their potential
roles for leptogenesis [3] and their production coupled
with Chern-Simon terms during inflation (see e.g. [4] for
chromo-natural inflation, [5, 6] for its extensions and [7]
for a quantum gravity effect at a Lifshitz point) and phase
transitions [8, 9]. For example, depending on model pa-
rameters, due to a gauge field, a nearly 100% polarized
(|Π| ∼ 1) background might be generated above 10−11Hz
with the amplitude ΩGW >∼ 10−12 [5]. Therefore a detec-
tion of non-vanishing V parameter will have significant
impacts on fundamental physics.
By correlating data streams of noise independent-
interferometers, we can directly measure the Stokes V
parameter [10–12] (see also [13–15] for CMB analysis).
For example, in the 10-1000Hz band, using the current
generation ground-based network for a few years, we
will be able to detect the V parameter corresponding
to |Π|ΩGW ∼ 10−8 [11].
The band around 0.1m-1Hz will be explored by space
interferometers. The LISA project has a history of over
20 years [16, 17], and its pathfinder mission recently made
an impressive success [18]. From its triangle constella-
tion, we can generate multiple noise-independent data
channels [19]. But, unfortunately, LISA is totally insen-
sitive to the isotropic component of the V parameter,
due to the exact cancellation resulting from the mirror
symmetry at the interferometric plane [20]. With LISA
alone, we can merely observe anisotropic pattern (e.g.
l = 1 and 3 harmonics) of the V parameter [20, 21]. In
fact, we also have an independent cancellation mecha-
nism related to the symmetry of the data channels, and
even the energy density ΩGW cannot be measured by
correlating LISA’s data streams. The future space plans
such as BBO and DECIGO are designed to use multiple
triangles for correlation analysis. By relatively tilting or-
bits of two triangles, we can measure the even and odd
parity modes down to ΩGW ∼ ΩGW|Π| ∼ 10−16 [22], but
these missions will be available much later than LISA.
However, nowadays, two other projects (TianQin [23]
and Taiji [24]) are actively propelled in the mHz band,
both aiming operation around 2035, similar to LISA (see
Fig. 1). Therefore, in the mHz band, we now have an
increased chance to study an isotropic background by
correlating LISA and Taiji/TainQin, without being ham-
pered by the various signal cancellations. This paper is
the first quantitative study on this issue.
Since observation of a gravitational wave background
is intrinsically geometrical measurement, it is crucially
important to see through the underlying symmetry of
the network. From this standpoint, we limit our analy-
sis to a network composed by heliocentric interferometers
(more specifically LISA and Taiji), paying special atten-
tion to the measurement of the two parity modes. In fact,
a heliocentric network could have favorable geometrical
symmetries that will allow us to easily make an optimal
parity decomposition of a background.
SYMMETRIES OF THE SYSTEM
Here, for a heliocentric detector network, we discuss
two symmetries that are important for the parity decom-
position. To the author’s best knowledge, the first one
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FIG. 1: Solid curves: the noise spectra of proposed space in-
terferometers (LISA, Taiji and TianQin) for single data chan-
nels (A and E types). The green dashed curves are estimation
for the Galactic foreground (based on [25]) with observational
time Tobs = 1 and 10 yr. The red dashed curve shows the pes-
simistic model for extra-Galactic white dwarf confusion noise
in [26] with ΩGW(f) ≃ 0.95 × 10
−12(f/1mHz)3/4 at 1mHz-
10mHz.
had been never covered in the literature. The second one
has been known (see e.g. [27]), but can play a particu-
larly interesting role when coupled with the first one.
global symmetry
LISA has a heliocentric orbit moving 20◦ behind the
Earth. Its three spacecrafts nearly keep a regular triangle
with the arm length L = 2.5 × 106 km [17]. This can
be achieved by initially adding small eccentricities and
inclinations to the spacecrafts, and the detector plane
is resultantly inclined to the ecliptic plane by 60◦. In
Fig. 2, with the gray belt, we illustrate the envelope
of the detector plane. The middle of the belt is on the
ecliptic plane and corresponds to the orbital line of the
barycenter of each triangle, with the radius RE = 1.5 ×
108 km = 1.0AU. The triangle is also spinning on the belt
with a period of 1 yr (the so called cartwheel rotation).
Taiji moves 20◦ ahead of the Earth with its arm length
L = 3.0 × 106 km [24] (see also [28]), and shares the
envelope with LISA (not opposite direction). The sep-
aration between LISA and Taiji is D = 2RE sin(20
◦) =
1.0×108 km. TianQin has a geocentric orbit, and should
be analyzed separately.
Here, it should be noticed that the gray belt in Fig.
2 contacts with a sphere (hereafter “contact sphere”)
of radius RC = (
√
3/2)−1RE = 1.15AU. Interestingly,
the contact sphere is not “heliocentric”, but its cen-
ter OC is at 0.58AU north of the ecliptic plane. As a
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FIG. 2: (Upper panel) The gray belt shows the envelope of
the detector planes of the two heliocentric triangle interfer-
ometers, LISA and Taiji. The orange line is the orbital line
of the barycenter of each triangle. The green surface is a part
of the virtual sphere of radius RC = 1.15 AU contacting the
envelope belt. From the center OC, the angular separation
between LISA and Taiji is β = 34.5◦ with the great circle
shown with the dashed curve. The triangles are spinning on
the belt (cartwheel motion). (Lower left panel) The orien-
tation of the detector tensors dA and dE that is attached
to the LISA’s triangle and characterized by the co-spinning
orthonormal basis (eˆ1, eˆ2). We define φ(t) for the time depen-
dent miss-alignment angle relative to the great circle. (Lower
right panel) The orientation of the virtual detector tensors
d′A and d
′
E associated with the aligned basis (eˆ
′
1, eˆ
′
2). For
the mirror transformation at the plane containing the great
circle and OC, we have eˆ
′
1 → eˆ
′
1 and eˆ
′
2 → −eˆ
′
2 (accordingly
d′A → d
′
A and d
′
E → −d
′
E).
sphere is highly symmetric object and search for gravita-
tional wave backgrounds is a geometrical measurement,
it would be advantageous to view the LISA-Taiji system
in relation to the contact sphere. For example, from its
center OC, LISA and Taiji are separated by
β = 2 sin−1[D/(2RC)] = 34.5
◦. (1)
In order to quantify the relative orientation of LISA
and Taiji interferometers on their detector planes (as dis-
cussed in the next subsection), we introduce a curve con-
necting the positions of the two observatories. Consid-
ering the existing symmetry of the system, the primary
choice will be the great circle (geodesic) on the contact
sphere, not the orbital line on the ecliptic plane.
internal symmetry
Next we discuss symmetry within the triangle of the
LISA constellation (essentially the same for Taiji). We
3can compose three interferometers at the three vertexes
that are assumed to be equivalent (as in the standard lit-
erature) [19]. However, their data have correlated noises.
Using the symmetry of the vertexes, we can make three
noise independent data channels (A,E, T ) as linear com-
binations of the three original data [19]. The T chan-
nel has a negligible sensitivity to gravitational waves in
the low frequency regime f < c/(2piL) ∼ 20mHz (with
L ≪ D), and can be used when measuring the instru-
mental noise level for the spectral estimation of a gravita-
tional wave background [29, 30]. For correlation analysis,
we thus consider to use the A and E channels below, ap-
plying the low frequency approximation. Reflecting the
original symmetry of the three vertexes, their noise spec-
tra are identical [19], but, at the same time, using their
correlation, we cannot measure the monopole pattern ir-
respective of the parity modes (see e.g. [20]).
The A and E channels of LISA can be effectively re-
garded as responses of two L-shaped interferometers with
orientation difference 45◦, as shown in the lower left panel
of Fig. 2 (see e.g. [1]). They are attached to the LISA’s
spinning triangle. Here, to characterize interferometric
responses, we introduce the detector tensors dA and dE .
For the A channel, we have dA = (eˆ1 ⊗ eˆ1 − eˆ2 ⊗ eˆ2)/2
with the unit co-spinning vectors (eˆ1, eˆ2) for its two arm
directions. For the E channel, using the same unit vec-
tors, we have dE = (eˆ1⊗eˆ2+eˆ2⊗eˆ1)/2. The combination
(dA,dE) forms the orthogonal basis for the detector ten-
sors on the instantaneous detector plane. Note that the
orientation of the detector tensors dA and dE are not
aligned with the great circle (given the cartwheel spin
rotation). We put the time-dependent miss-alignment
angle by φ(t) as shown in Fig. 2.
Now we virtually rotate the basis (eˆ1, eˆ2) commonly
by the angle φ(t) so that eˆ′1 is parallel to the great circle
and respects the global symmetry of the network. We
call the corresponding virtual detector tensors by dA′ =
(eˆ′1⊗ eˆ′1− eˆ′2⊗ eˆ′2)/2 and dE′ = (eˆ′1⊗ eˆ′2+ eˆ′2⊗ eˆ′1)/2 (see
the lower right panel in Fig. 2). By tensorial calculations,
we can directly confirm the relation (e.g. [27])
(
dA′
dE′
)
=
(
cos 2φ(t) sin 2φ(t)
− sin 2φ(t) cos 2φ(t)
)(
dA
dE
)
(2)
with the factor 2 reflecting the spin-2 nature. This
means that, by linearly combining the LISA’s original
data channels A and E in the same manner as Eq. (2),
we can actually obtain the data channels A′ and E′ whose
detector tensors are the virtual ones dA′ and dE′ . The
new data set (A′, E′) have the same information content
and noise spectrum as the original set (A,E), still with-
out correlation (as easily confirmed). We can make a
similar adjustment for Taiji.
We hereafter call the (virtually generated) aligned
channels by (AL, EL) for LISA and (AT, ET) for Taiji.
In the next section, we consider the four inter-detector
combinations AL-AT, EL-ET, AL-ET and EL-AT.
We should notice that, for the mirror transformation
with respect to the plane containing the great circle and
OC, the unit vectors are transformed as eˆ
′
1 → eˆ′1 and
eˆ
′
2 → −eˆ′2 both for LISA and Taiji (see the lower right
panel in Fig. 2). Then the detector tensors have even
parity for (AL, AT) and odd parity for (EL, ET) (see the
definitions of d′A and d
′
E above). These properties would
be essential for the optimal parity decomposition of a
gravitational wave background.
Generally speaking, for two triangle detectors given
at positions pi (i=1,2) with associated normal vectors
ni, the above symmetric mirror transformation can be
applicable, only if the three vectors p1 − p2, n1 and n2
are linearly dependent. In this sense, the gray envelope
in Fig. 2 is geometrically special.
GRAVITATIONAL WAVE BACKGROUND
monopole pattern
We use the Fourier decomposition of the metric per-
turbation induced by gravitational waves as
h(t,x) =
∑
P=R,L
∫
∞
−∞
df
∫
S2
dn hP (fn)e
P (n)e2piif(n·x−t),
(3)
where we adopted the right- and left-handed polarization
bases eR,L(n) with the unit propagation vector n. They
are given by the familiar linear polarization bases e+,×
as
e
R = (e+ + ie×)/
√
2, eL = (e+ − ie×)/
√
2. (4)
Our target in this paper is a stationary and isotropic
gravitational wave background. For the monopole com-
ponents, we can generally write [11, 12, 20]( 〈hR(fn)hR(f ′n′)∗〉
〈hL(fn)hL(f ′n′)∗〉
)
=
δn,n′δf,f ′
8pi
(
I(f) + V (f)
I(f)− V (f)
)
(5)
with the Stokes parameters (I, V ) and the Delta func-
tions. In Eq. (5), the parameter I represents the total
intensity of the background, while V characterizes the
asymmetry between the right- and left-handed waves, as
mentioned earlier. Note that, for the monopole mode, we
do not have the Stokes Q and U parameters related to
linear polarization.
correlation analysis
In the Fourier space, reaction of an interferometer a
(at x = xa) to gravitational waves is given by
ha(f) =
∑
P=R,L
∫
dnhP (fn)(da : e
P )e2piifn·xa . (6)
4γIEE
γIAA
γVAE
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FIG. 3: The overlap reduction functions for LISA-Taiji sys-
tem. We can make a complete separation between I and V
modes by pairing the data channels (AL, EL) and (AT, ET).
Then correlation between two detectors a and b is given
by 〈ha(f)hb(f ′)∗〉 = Cab(f)δf,f ′ . Using Eqs. (4) and (5),
we have
Cab(f) =
8pi
5
[γIab(f)I(f) + γV ab(f)V (f)] . (7)
Here γXab are the overlap reduction functions (X = I, V )
γXab(f) =
5
8pi
∫
dnKXab(n)e
2piifn·(xa−xb) (8)
with the function KXab(n) given by the beam patter
functions (F+,×a (n) ≡ da : e+,×(n)) as [11, 20]
KIab = F
+
a F
+
b + F
×
a F
×
b , KV ab = i(F
+
a F
×
b − F×a F+b ).
(9)
The overlap reduction functions describe the correlated
responses of two interferometers to isotropic gravitational
wave backgrounds. In [31, 32], for ground based detec-
tors, a simple analytic expression was derived for γIab,
fully using the symmetry of the earth surface as a sphere
(similarly γV ab by [10]). Quite remarkably, for the LISA-
Taiji system, by virtually introducing the contact sphere
(∼ 104.5 times larger than the Earth), we can directly
apply the simple expressions for γXab originally provided
for ground-based networks.
Moreover, the combinations made from the virtual
data channels (AL, EL) and (AT, ET) are parity eigen-
states for the mirror transformation mentioned at the
end of previous section. In concrete terms, AL-AT and
EL-ET have even parity, and AL-ET and EL-AT have
odd parity, corresponding to the special types classified
in [11]. The even ones are sensitive only to the I mode
(blind to V ), and the odd ones are opposite. Accord-
ingly, we can make a perfect decompositions of the I and
V modes, using the present pairs. For the overlap reduc-
tion functions, we can express
(γI(f), γV (f)) = (Ξ1, 0) for AL-AT,
V
I
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FIG. 4: Signal-to-noise ratios for the I and V mode searches
as functions of the minimum frequency fmin for signal inte-
gration (with fmax = 10mHz and Tobs = 10 yr). For signal
models, we used ΩGW(f) = 10
−11 for the symmetric compo-
nent and Π(f)ΩGW(f) = 10
−11 for the asymmetric one.
(γI(f), γV (f)) = (Ξ2, 0) for EL-ET,
(γI(f), γV (f)) = (0,Ξ3) for AL-ET and EL-AT.
Here Ξ1,2,3 depend on the opening angle β and y ≡
2piDfc−1 (D: LISA-Taiji distance), and written by
trigonometric functions and the spherical Bessel func-
tions jn(y) [11, 31]. For example, we have [11]
Ξ3(β, y) = − sin β
2
[(
−j1 + 7
8
j3
)
+
(
j1 +
3
8
j3
)
cosβ
]
.
(10)
In Fig. 3, we present the overlap reduction functions in
the low frequency regime. The period of the wavy profile
is roughly given by c/D ∼ 3mHz, reflecting the spherical
Bessel functions. The functions decay rapidly ∝∼ f−1
at f ≫ c/D as the phase coherence is lost by the po-
sitional difference. Below, we use simplified notations
such as γIALET = γIAE .
detection prospects
Following the standard arguments on the correlation
analysis [31, 32], the signal-to-noise ratios SNRX for two
modes (X = I, V ) are given by
SNR2X =
(
16pi
5
)2
Tobs
[
2
∫ fmax
fmin
df
ΓX(f)X(f)
2
f6SL(f)ST(f)
]
(11)
with ΓI = γ
2
IAA+γ
2
IEE and ΓV = 2γ
2
V AE due to the opti-
mal parity decomposition. Here Tobs is the observational
period, (fmin, fmax) is the frequency range for signal inte-
gration, and SL,T (f) are the instrumental noise spectra
of the two detectors (shown in Fig. 1) without including
confusion noise in the present calculations.
For model characterization, we use the relations
[I(f), V (f)] = ρc/(4pi
2f3)[ΩGW(f),Π(f)ΩGW(f)] with
5the critical density ρc. In Fig. 4, we present SNRX (X =
I, V ) respectively for the fiducial background ΩGW =
10−11 and ΠΩGW = 10
−11 without f -dependence. We
put Tobs = 10yr and fmax = 10mHz, but changed fmin.
For the numerical values in Fig. 4, we have simple scal-
ings
∝
(
ΩGW
10−11
)(
Tobs
10 yr
)1/2
, ∝
(
ΩGWΠ
10−11
)(
Tobs
10 yr
)1/2
for SNRI and SNRV . From these scaling relations,
the detection limits (SNRX ∼ 5) are estimated to be
ΩGW ∼ 10−12 and ΠΩGW = 10−12 ( for fmin = 2mHz
and Tobs = 10yr). In the case of a flat spectrum, us-
ing the numerical results for fmin = 2mHz, the detection
limit of the polarization degree (|Π| < 1) is given by
|Π| > 0.08
(
ΩGW
10−11
)
−1(
Tobs
10yr
)
−1/2 (
SNR
5
)
. (12)
Interestingly, we can observe stair-like structures in
Fig. 4, reflecting the shapes of the overlap reduction
functions. For example, if we decrease fmin from 3mHz
to 2mHz, SNRV and SNRI become 2.4 and 1.7 times
larger. We will also have a significant increase of SNRI
by decreasing fmin further below 2mHz, in contrast to
SNRV .
If we change fmax from 10mHz to 30mHz(> c/2piL),
keeping fmin =2mHz, the numerical values SNRV in
Eq. (11) change less than 0.012% and 0.2% respectively
for ΩGW |Π| ∝ f0 and f1 (with similar corrections for
SNRI). In Eq. (11), this weak dependence on fmax is
due to the factor f−6 and the suppression of the overlap
reduction functions, and justifies our low frequency ap-
proximation for estimating SNRI,V (except for heavily
blue-tilted spectra).
DISCUSSION
In this paper, we discussed correlation analysis for an
isotropic gravitational wave background with heliocentric
interferometers such as the LISA-Taiji network, paying
special attention to the two parity modes and the under-
lying geometrical symmetries (see Fig. 2). Our analysis
can be straightforwardly applied to a network composed
by more than two heliocentric triangles detectors.
By correlating LISA and Taiji for ten years, our de-
tection limit could reach |Π|ΩGW ∼ 10−12 that is four
orders of magnitude better than the expected level with
current generation ground-based detector network in the
near future. Owing to the clear parity decomposition, we
might uncover a parity violation signature in a cosmolog-
ical background, even if its energy density is dominated
by astrophysical confusion noise.
As shown in Fig. 4, the estimated SNRI,V depend in-
terestingly on the minimum frequency fmin for the signal
integration. This frequency will be closely related to the
processing status of the Galactic binary subtraction, and
the observational time Tobs is the key strategic parame-
ter (see Fig. 1). The foreground subtraction would be a
crucial aspect for the follow-on space projects such as DE-
CIGO and BBO targeting weak primordial background
around 0.1-1Hz [33, 34] (see also [22] for potential orbital
adjustment for the V parameter search). The correlation
analysis at mHz range would be useful also to examine
the quality of the Galactic binary subtraction.
The author would like to thank H. Omiya for useful
conversations. This work is supported by JSPS Kakenhi
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